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This article deals with the issues associated with designing scheduled model predictive 
controllers for nonlinear systems within the multiple-linear-model-based control frame- 
work. The issues of model set generation from empirical data and closed-loop applica- 
tion of the generated model set are considered. A method of hinging hyperplanes is 
proposed as a way to construct a piecewise linear dynamic model, conducive to dy- 
namic scheduling of linear MPC controllers. The design and implementation of dynam- 
ically scheduled MPC using a hinge function model are discussed, as well as its advan- 
tages. Alternate MPC formulations considered here require more computation, but uti- 
lize the hinge function model as a global model. Simulated examples of isothermal 
CSTRs and a batch fermenter are also presented to illustrate the proposed methodolo- 
gies. 

Introduction 

In most of the chemical processes, nonlinearity is a rule 
rather than an exception. In addition to batch processes, con- 
tinuous processes that are operated over wide ranges exhibit 
significant nonlinear behavior. As more and more processes 
adopt flexible operating strategies requiring transitions be- 
tween multiple operating points, nonlinearity is becoming an 
integral part of many process control problems. Explicit con- 
sideration of underlying nonlinearity is becoming not only de- 
sirable, but necessary. 

Over the past few decades, significant progress has been 
made in nonlinear control theory and synthesis procedures 
(Isidori, 1989; Kravaris and Kantor, 1990; Bequette, 1991; 
Rawlings et  al., 1994). Two of the approaches that attracted 
the attention of most researchers in process control are: (1)  
geometric nonlinear control (feedback linearization) and (2) 
nonlinear model-predictive control. However, realization of 
the benefits from these developments has been lacking in 
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practicc so far. This lack of industrial enthusiasm can be at- 
tributed primarily to the lack of accurate nonlinear models 
needed to apply the above methods, and the complexity of 
resulting controllers. 

On the other hand, gain scheduling which is conceptually 
simple and easy to implement has been the favorite method- 
ology of control engineers to  deal with process nonlinearity. 
Its main attraction can be attributed to its ability to incorpo- 
rate linear design methods and linear analysis tools. There 
are various applications in process control problems where 
gain scheduling has been shown to result in improved control 
(Knoop and Perez, 1994; Gulaian and Lane, 1990; Shinskey, 
1977). One drawback of the traditional gain scheduling 
methodologies is that controllers are typically static functions 
of the scheduling variables. The controller gains or other pa- 
rameters are scheduled based on the instantaneous values of 
the scheduling variable and past values or the dynamics of 
the scheduled variable are not considered. The limitations of 
the static approach to gain scheduling have been recently 
brought forth in Jutan (1989), Reichert (1992), and Kwatra 
and Doyle I11 (1995). Jutan (1989) presented a scheduling 
strategy for PI controllers in which the gain is scheduled based 
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on not only the current feedback error, but the past values as 
well. Similarly, a dynamically scheduled controller was de- 
rived by Reichert (1992) for nonlinear time-varying systems. 
Kwatra and Doyle I11 (1995) present a dynamic scheduling 
framework based on the input-output linearization and the 
internal model control (IMC) formalisms. Though the impor- 
tance and advantages of a dynamic gain scheduling frame- 
work are established in the above studies, all of them are 
either specific to the particular nonlinear process or limited 
by the control design methodology considered. 

A control paradigm that combines the conceptual simplic- 
ity of design, ease of implementation characteristic to gain 
scheduling, and the performance characteristics of an ad- 
vanced control technique can be successful in practice. 
Therefore, the scheduled control within the model-predictive 
control (MPC) formalism was considered here as a viable ap- 
proach: that is, an MPC controller was designed based on a 
set of models scheduled as a function of process state vari- 
ables that characterize the variations in process behavior. The 
focus is on linear model structures so that it can be imple- 
mented within the existing technology such as DMC. Thus, 
scheduled MPC based on linear models can be viewed as a 
methodology for smooth transition from the existing linear 
model-based control to nonlinear model-based control with- 
out invoking the complexity of solving a nonlinear optimiza- 
tion problem on-line. Scheduled MPC used to be carried out 
in different forms within the MPC framework. The local lin- 
earization-based methods, such as nonlinear QDMC (Garcia, 
1984) in which a nonlinear model is linearized at every sam- 
pling time around the current state to recompute the dy- 
namic matrix, can be conceptually classified as scheduled 
MPC. The multiple-model-based predictive control strategies 
proposed by Yu et al. (19921, Schott and Bequette (1994), 
Johansen (19941, and Arkun and Banarjee (1995, 1996) are a 
few of the other approaches to scheduled MPC. 

Within the scheduled MPC framework, the model set gen- 
eration is an important issue. A framework in which one can 
develop models from input-output data can be very attractive 
in this context. In this article, the method of Hinging Hyper- 
planes (Breiman, 1993) is proposed as an attractive technique 
for model set determination from empirical data. The Hing- 
ing Hyperplane (HH) method allows us to divide the system’s 
dynamic variable space into several linear regimes, based on 
available data. What results is a piecewise linear dynamic 
model, which is perfectly suited for dynamic scheduling of 
linear controllers. Because of the local linear characteristics 
of the model, the controller implementations can be carried 
out within the existing MPC technology. This approach can 
be viewed as a hybrid between the often practiced gain 
scheduling and seldom-practiced, but widely investigated, 
nonlinear empirical model-based control. From an identifica- 
tion standpoint, the HH methodology practically combines 
some of the advantages of neural networks (Narendra and 
Parthasarathy, 1990; Bhat and McAvoy, 19901, such as the 
ability to handle large input dimensions and the fast compu- 
tational properties of wave-nets (Bakshi and Stephanopoulos, 
1994; Kouloris, 19951, offering an efficient way of construct- 
ing piecewise linear approximations for nonlinear systems. We 
evaluate the efficacy of the HH methodology in the context 
of nonlinear system identification and dynamic gain sched- 
uled control within the MPC framework. 
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Given a hinge function model, MPC algorithms of varying 
computational complexities can be formulated. From a prac- 
tical standpoint, the simplest formulation is the frozen-time 
linear time-invariant (LTI) formulation, which leads to dy- 
namic scheduling of a set of linear MPCs. The computational 
complexity of this algorithm is essentially the same as that of 
the classical MPC. A slight extension to this is a linear time- 
varying (LTV) formulation in which a sequence of linear 
models (chosen on the basis of a previously computed input 
trajectory) are assumed in the prediction. The computational 
increase for this extension is quite mild. Finally, a rigorous 
nonlinear formulation that incorporates the global hinge 
function model directly into the prediction can be cast in the 
propositional logic framework (Tyler and Morari, 1996). This, 
however, requires solving a mixed integer quadratic program- 
ming (MIQP) problem, which significantly increases the com- 
putational burden. Issues related to each of these formula- 
tions are discussed. 

A brief overview of gain scheduling and nonlinear empiri- 
cal modeling is given. The HH methodology to nonlinear 
identification and implementation of dynamically scheduled 
model-predictive control based on a hinge function model are 
presented. Alternate MPC formulations for a hinge function 
model are also considered. The issues related to designing 
and implementing scheduled MPC using HH models are dis- 
cussed. Applications to isothermal CSTRs and a batch fer- 
menter problem are presented to illustrate the proposed 
framework. 

Gain Scheduling 
Gain scheduling control and empirical modeling of nonlin- 

Assume that the following model describes the underlying 
ear systems for scheduled MPC is reviewed briefly. 

process dynamics 

The typical gain scheduling procedure for a nonlinear 
process involves: 

Selecting a set of operating points covering the range of 
operation of interest. 

For each of the selected operating points, construct a 
linear time-invariant approximation to the process and design 
a linear controller for each of the linear models. 

For intermediate operating conditions, schedule/inter- 
polute the linear controllers. 

Suppose the controller to be implemented has adjustable 
parameters denoted by 8. The adjustable parameters can be 
the controller tuning parameters (like the P/I/D parameters) 
or model parameters for a model-based controller. In the gain 
scheduling implementation, t9 is described as a function of 
process variables. When 8 ( t )  is given as a function of y ( t )  
and/or u(t), we have static gain scheduling. When it is given 
as a function of x( t ) ,  we have a dynamic gain scheduling. 
Note that this would require complete state knowledge (either 
through measurement or estimation). In most gain schedul- 
ing implementations, the relationship between process vari- 
ables and controller parameters are specified as a piecewise 
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Figure 1. Static scheduling: limiting cases. 

constant function; hence, the controller parameters need to 
be switched every once in a while whenever a change in the 
operating condition occurs. 

Despite its practical success, the gain scheduling frame- 
work did not get the requisite attention from the academic 
community until recently (Shamma and Athans, 1990: Rugh, 
1991). Very few analysis and synthesis results are available 
for the general gain scheduling problem and the scheduling is 
typically done based on intuition and experience, rather than 
through a systematic procedure. In most cases, static gain 
scheduling is used. In batch or other transition problems, lin- 
ear models are developed at various points along the operat- 
ing trajectory and used. In many cases, static gain scheduling 
can provide only limited performance. Some simple example 
cases are illustrated in Figure 1 .  As one can see, the current 
linear operating regime cannot always be determined by y(t 
alone. Dynamic gain scheduling, however, is seldom prac- 
ticed, since it is very difficult to  carry out on an ad hoc basis. 

In predictive control context, some systematic methods are 
proposed in the literature. When a nonlinear model is avail- 
able, Garcia (1984) proposed a nonlinear extension to QDMC 
based on successive linearization of thc nonlinear model 
equations. Lee and Ricker (1994) later presented a state ob- 
server-based extension of the NLQDMC. Bequette and 
coworkers (1992, 1994) present a multiple model-based con- 
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trol scheme where the model switching in closed loop is car- 
ried out through a Bayesian criterion. Johansen and Foss 
( 1994. 1995) developed an operating regime-based modeling 
and control framework for nonlinear processes. In this ap- 
proach a set of local models and associated validity functions 
are identified using prior knowledge and input-output data 
from the process. Recently, Arkun and Banarjee (1995) and 
Banarjee and Arkun (1996) presented a multiple model-based 
identification and control strategy. In this approach they as- 
sume a set of models identified at various operating points 
and describe the process as a linear combination of these 
models in the state space. For intermediate operating condi- 
tions, the models are interpolated. These interpolation pa- 
rameters are estimated on-line using a moving horizon type 
estimator. All these approaches, however, assume significant 
prior knowledge about the process which would facilitate 
regime decomposition or determination of appropriate loca- 
tions for the local models. 

Nonlinear Input/Output Modeling for Scheduled 
MPC 

The difficulty of developing an accurate nonlinear model is 
thought to be the biggest obstacle to widespread use of non- 
linear control methods (including dynamic gain scheduling). 
Since fundamental modeling is not feasible in most cases, 
models must be developed using plant input-output data. The 
input-output modeling of nonlinear systems has been widely 
investigated over the last few decades. The proposed ap- 
proaches range from simple block-oriented approaches to 
more general approaches based on function approximation 
methods. Refer to recent surveys by Juditsky et al. (1996) and 
Pearson (1995) for an overview of the state of the art. 

The problem of developing an empirical model involves in- 
ferring a mathematical relation from a given set of observa- 
tions. For a single-input-single-output case the general prob- 
lem can be stated as follows: 

Let D, = h i , ,  . . . u,,,,, y l ,  . . . y,,,, 1 be a giuen set of iriput-out- 
put obseruations from a nonlinear system where u i  E R is the 
input data sequence and y j  E R is the output sequence. Find a 
functional relationtX + y bused on the data sequence D,  where 
X is the regressor uector to he determined from D,\r. 

The basic identification problem thus involves “concatena- 
tion of a mapping from observed data to  a regression vector 
and nonlinear mapping from the regressor space to  the out- 
put space” (Sjoberg et  al., 1995). 

The regressor or model-order determination can be ap- 
proached in two ways: (1) using prior knowledge or (2) empir- 
ical determination from observed data. In  a few cases the 
prior knowledge may be sufficient to specify the model or- 
der/regressor. However, in most cases the regressor vector 
may need to be determined from empirical data. There are 
many different ways to determine the particular regressor 
form such as methods based on information criteria and Ris- 
sanen’s minimum distant length. The method of false nearest 
neighbors (Kennel et al., 1992; Abarbanel and Kennel, 1993: 
Rhodes and Morari, 1995) which determines the number of 
delayed inputs and outputs needed to construct a one-step- 
ahead predictor from a set of  1 / 0  data is also attractive in 
this context. With the knowledge of phase-space dimension, 
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the identification problem can now be formulated as a func- 
tion approximation problem in the determined phase space. 

The input-output modeling can be regarded as synthesizing 
an approximation of a multidimensional function, a hypersur- 
face reconstruction, within the chosen coordinate space. A 
wide variety of basis expansions have been investigated 
(Juditsky et al., 1996). Some of the widely reported ap- 
proaches include: artificial neural networks (sigmoidal net- 
works, radial basis function networks), wavelet networks, 
mu1 tivariate adaptive regression splines (MARS) (Friedman, 
1991) and fuzzy models. The approximation properties of 
these methods are well studied (Barron, 1991; Juditsky et  al., 
1996). The choice between these approaches, however, is not 
clear and will largely depend on the particular application at 
hand. 

Apart from the general basis function expansions, several 
other identification methodologies have been investigated. 
Since our focus in this work is scheduled MPC of nonlinear 
processes, we will consider some of the approaches that re- 
sult in model structures that facilitate an implementation of 
scheduled MPC. 

Regime Decomposition 
Recently, Johansen and Foss (1995) have presented an al- 

gorithm for model set generation based on regime decompo- 
sition. In this approach they represent the system operating 
space as a &dimensional box 

z = [ z y ,  z y ]  x . . . x [ z y ,  z y ]  

where d is the dimension of the operating space, zy'" and 
zflaX are the ranges of the operating variable in the ith-direc- 
tion. For a given set of observations spanning the operating 
regime, the algorithm optimally divides the operating space 
into different regimes and fits a local model structure from a 
given set of candidate model structures. The approach, though 
similar in spirit to MARS (Friedman, 1991) and other local 
modeling approaches, provides significant flexibility in imple- 
mentation and facilitates incorporation of prior knowledge. 
However, one drawback of the approach is that the regime 
decomposition is considered parallel to the coordinate axis. 
More complex regime boundaries are not considered, and, as 
a result, may require a greater number of local models to 
represent a given system. Moreover, the algorithm is highly 
computer-intensive. 

Parameterized Linearization Families 
Consider a nonlinear system described by the following 

equations 

Linearizing the above system about a family of constant oper- 
ating points (provided such a family exists), one can obtain 
the following family of linearized systems for the above non- 
linear system 
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d f  d f  
.(t) = - (x(17) ,  i ) [ x  - X(17)I + - (I(.), C ) [ U  - .I 

d x d U  

dh dh 

d X  d U  
y (  t )  - y ( L )  = - (x( 17), 17)[ x - x(17)l + - (.(a), .)[ u - 171 

Wang and Rugh (1987) derived conditions for the existence 
of such families for a nonlinear system. The coefficient func- 
tions above are parameterized based on the input 17. Alter- 
nate parameterizations based on output and state are also 
possible. 

The above concept of a linearization family can be utilized 
in constructing systematic methodologies for nonlinear iden- 
tification. In this approach the local time-invariant, linear 
models are identified at a set of frozen or static operating 
points along the constant operating trajectory. Then, these 
models are combined to  form a nonlinear approximation to 
the underlying system. Perev et al. (1995) present a detailed 
analysis of the approximating properties of the resulting lin- 
earization family for the underlying nonlinear process. 
Though practically appealing, the approximation properties 
of the linearization family are strongly influenced by the rate 
of change of the operating point, the local curvature of the 
process and the magnitude of the input signal (Perev et al., 
1995) since the linear models are identified under small sig- 
nal conditions. In the absence of significant prior knowledge, 
determination of the number and location of the local linear 
models required for an acceptable approximation of the un- 
derlying nonlinear process is a nontrivial task. 

Though the identification framework based on small signal 
conditions is attractive from a practical standpoint, the re- 
sulting model set is restrictive. Motivated by this. in this arti- 
cle we consider a nonlinear identification scheme with a 
global nonlinear structure. However, because of the intrinsic 
nature of the particular basis function used, the model struc- 
ture facilitates local linear interpretations and, at the same 
time, is not limited by the small signal assumptions typical to 
most other local linear modeling frameworks. 

Nonlinear Identification: Method of Hinging 
Hyperplanes 

The function approximation approach to nonlinear identi- 
fication can be cast as the following expansion over a set of 
basis functions 

Various methods differ in the particular choice of the set 
of basis functions {h, ( X I }  used to represent the model space. 
In neural networks, we typically have the sigmoidal function 
and in wavelet networks the functions are drawn from a set 
of orthonormal wavelet basis. The identification problem then 
involves determination of the set of basis functions and the 
corresponding coefficients in the above expansion from sys- 
tem observations. 

The Hinging Hyperplane (HH) method of Breiman (19931, 
considered in this work, also falls in the same category. In 
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Figure 2. Hinge functions. 

the HH method, the basis function we use is the following 
hinge function 

h ( X ) =  <maxlmin>(XTO+, X%-) (2) 

where X = [I, xi, x2 . . . , x,IT is the regressor vector. For ex- 
ample, in a time series description xl, . . . , x, are the past 
inputs ( u k - J  and the past outputs { y k - , ) .  The parameter vec- 
tors 0+ and 0- define the hyperplanes and are to be deter- 
mined from the given data. At the hinge location, the two 
hyperplanes are joined and this location (subspace of the in- 
put space) is defined as: (X:XT(O' - 0- ) = 0). The joint, A 
= 0+ - 0-, is defined as the hinge for the two hyperplanes. 
The hinge functions in one and two dimensions are shown in 
Figure 2.  

Hinge function theorem 

ness assumption 
For a given system f ( X )  satisfying the following smooth- 
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the upper bound on the approximation error with K single- 
knot hinge functions is given by 

?here R denotes the radius of the ball of approximation and 
f is the Fourier transformation of f ( X ) .  This result essen- 
tially means that with sufficient number of hinge functions 
one can have an arbitrarily close approximation of any f in 
the smoothness class given in Eq. 3 within a given size ball. 
In addition it shows that the hinge models are as efficient as 
neural networks for the L,-norm within the chosen smooth- 
ness class (Eq. 3) (Breiman, 1993; Juditsky et al., 1996). 

Hinging hyperplanes: algorithms 
Let us consider the problem of approximating the nonlin- 

ear function f ( X )  by K hinge functions. We will give a brief 
description of the original hinge finding algorithm (HFA) at- 
tributable to  Breiman (1993). 

Breiman 's HFA 
Breiman's HFA involves iteratively fitting a hinge function 

h , ( X )  to a given set of data points. Assume that an 
identification experiment yielded an input-output data set 
{yk,uh},= ,, , A,d where Nd is the number of data points. The 
first step would be to determine the embedding dimension 
for the underlying dynamics using false nearest neighbors 
(FNN) method or any other equivalent method. Denote the 
resulting regressor vector by X. 

When fitting K single-knot hinge functions for a given set 
of data, an algorithm called hinge finding algorithm (HFA) is 
repeatedly called which fits one single-knot hinge function at 
a time for a given set of data. The algorithm proceeds as 
follows: 

Assume an arbitrary hinge location A = O+ - 0-. Split the 
data set { y k , X k )  along the hinge direction. Denote the two 
data sets as 

S, = { X : X T A  > 0) 

Estimate 0+ by performing a least-square fit to the data 
set S,  and the corresponding y,. Similarly estimate 0- by 
performing a least-square fit to the data set S- and the cor- 
responding y , .  

Reconfigure the hinge location A = 8' - 0- and update 
S + and S - according to the new hinge location. 

Repeat the above process until the hinge function con- 
verges. 

An important disadvantage of Breiman's algorithm is that 
it does not guarantee the global convergence of the hinge 
location. This aspect of Breiman's HFA can be better estab- 
lished by considering the following parameter estimation 
problem in HFA (Pucar and Sjoberg, 1995) 
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Now refit 
(4) 

1 N d  2 
i = a r g m i n ;  C [ Y ~ - ~ ( x ~ , o ) ]  

By dividing the parameter vector 8 into two parts, each 
corresponding to one of the two hyperplanes, we have 

8 = [ 3  

Now the gradient and the Hessian for the above criterion 
(Eq. 4) can be shown to be as follows 

dV Repeat the above until convergence. 

Discussion 
Model structure 

- 1 - Ck E S+Xk ( Y k  - h (Xk 3 0 1) 
- Ck t .LXk ( Y k  - h (Xk 8 ) )  

vv= 1, ] = [ 
d8- 

The Newton's algorithm for solving Eq. 4 is 

O f + ,  = 8, - ( v w - ' v v  

where 8: is the estimate from Breiman's HFA (linear least- 
square fit for each of the hyperplanes). The above result shows 
that Breiman's algorithm essentially is a Newton method and, 
as is well known, the Newton method is not globally conver- 
gent. Because of this, the initial hinge specification for the 
HFA is very critical. For a given initial hinge location, the 
algorithm can behave in three different ways (Pucar and 
Sjoberg, 199.5): (1) converge to a hinge location within the 
data; ( 2 )  oscillate between a set of hinge locations; (3) di- 
verge (that is, the hinge location is outside the given data 
range). However, utilizing this insight and reformulating the 
parameter estimation problem as a modified Newton method 
(Gradient-descent, Gauss-Newton, and so on) one can imple- 
ment a globally convergent hinge finding algorithm thus mak- 
ing the HH methodology more practically appealing (Pucar 
and Sjoberg, 199.5; Niu and Pucar, 1995). 

Fitting multiple hinge functions 
Initially, a single hinge function is fit and then the residu- 

als are computed. In the next stage, another single-knot hinge 
function is fit for the residual space and the procedure is 
repeated until K hinge functions are fit. During the multiple 
hinge fit, the following refitting is carried out in order to re- 
orient the hinge locations to the optimal directions. 

For j =  1 ,  ..., K ,  find h , ( X )  to fit f ( X ) - Q Z :  h , ( X ) .  
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The HH methodology yields a model structure where for 
any given point in the X space we have a linear model which 
describes the local dynamics around that point. An important 
point to note is that this is different from the local lineariza- 
tion of a nonlinear model. That is, a local linear model from 
the HH approximation (which is fitted globally along with 
other local models) can be valid over a larger subset of the 
state space than local models fitted individually to local data 
around respective nominal operating points. 

Connections to other modeling frameworks 
The HH methodology can be interpreted in the artificial 

neural network framework as well. Instead of the sigmoid ba- 
sis function, as is the case in feedforward networks, the HH 
methodology employs the hinge function as the basis func- 
tion. The method is conceptually similar to multivariate 
adaptive regressor splines (MARS) as well and can be inter- 
preted as a hybrid approach between basis function expan- 
sions (such as neural networks) and recursive partitioning ap- 
proaches (such as MARS). In MARS, the splitting of the in- 
put space is carried out in the directions of the coordinate 
space. Hence, it is sensitive to the definition of the coordi- 
nates. In HH method, on the other hand, the input space is 
divided in arbitrary directions. This could potentially result in 
faster convergence and a smaller number of basis functions 
may be needed for a given approximation problem. 

When considering a model structure for nonlinear system 
identification, a transparent interpretation of the resulting 
model can be useful in subsequent model utilizations. The 
neural network models involve linear projections of the input 
variables and subsequent nonlinear transformations which 
make them difficult to interpret. The wavelet networks, be- 
cause of their local characteristics, are relatively more trans- 
parent. However, for higher dimensional problems the 
wavelet networks do not seem to be suitable. The recursive 
partitioning and tree-structured modeling approaches yield 
relatively more transparent models and in some cases can give 
insights into the underlying system structure. The HH method 
inherits this property of recursive partitioning methods and 
results in a transparent, piecewise linear approximation of a 
nonlinear system. 
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Set of local ARX models 
Given process observations, the HH approach described 

yields a set of local ARX models provided the past inputs 
and outputs define the coordinate space. Compared to other 
local model approaches, the HH method differs in the model 
validity functions. In HH method the model validity function 
is the indicator function. It differs from the recent work of 
Johansen and Foss (1995), again in the way the input space is 
divided. They propose to split the input space along coordi- 
nate directions whereas H H  method splits along arbitrary di- 
rections; this can potentially result in approximations with 
fewer basis functions. 

h , ( X k )  = (maximin) {X10;,X,<70;} 

Incorporation of prior knowledge 
The HH methodology is a black-box approach to nonlinear 

identification. Despite this, prior information about mode 
changes can potentially be incorporated in the initial guess 
for hinge locations provided the chosen coordinate system fa- 
cilitates such translation of the prior knowledge. 

Model adaptation 
Model adaptation can be formulated in a closed-loop set- 

ting. However, given the nonorthogonal nature of the basis 
function, we suggest that the model adaptation be carried out 
in an off-line fashion. Though all the model parameters need 
to be updated, the previous hinge locations will act as an 
excellent initial guess for the new identification step. Also, 
the linear least-square nature of the algorithm facilitates a 
computationally efficient implementation of the adaptation 
problem. 

Model uncertainty 
In HH framework, we have explicit knowledge of the num- 

ber and quality of the data points that are used in fitting a 
particular local Ziizear structure. This qualitatiue information 
can potentially be used in tuning the local controller corre- 
sponding to  the model. For example, in MPC framework we 
can specify large/small input weighting for different local 
controllers and make the overall controller more/less aggres- 
sive in appropriate regions depending on the confidence level 
of the model. 

MPC Using HH Models 
Model interpretation 

The attractive property of the HH methodology is that the 
resulting models are piecewise linear approximations to the 
underlying nonlinear system. Because of this, the HH models 
can be utilized in designing linear controllers for nonlinear 
systems within the general gain scheduling framework. 

Consider a HH model structure where model output is ex- 
pressed as a sum of K single-knot hinge functions as follows 

where 

2664 

Note that inclusion or exclusion of the max/min parts of the 
hyperplane are determined during identification stage and 
without loss of generality let us assume that may part of the 
hyperplanes are used to model the system. Then, for a given 
state X,, the above predictor yk  can be written as 

Since all the regressors in each of the basis functions are the 
same for any given X,, we can write the above model in the 
following form 

yr  = XTi ,  

where 

K 
i,= c 0,' (X,) 

/ = I  

For an approximation with K hinge functions, we will have 
at most 2 K  such possible linear models each of which de- 
scribes the local dynamics of the system. The control prob- 
lem can now be formulated as an MPC scheme with model 
switching based on Eq. 5. Note that because of the intrinsic 
structure of the model, the switching of either the 
controller/model parameters is based on the sequence of past 
inputs/outputs. Because of this, the resulting control scheme 
is dynamically scheduled. 

Frozen-time LTI formulation: dynamic gain scheduling of 
linear MPC 

Let us consider a multi-input-multi-output process where 
y E R" is the output vector and u E R'" is the input vector. 
Assume that a HH fit of the identification data for the ith 
output gives a hinge function model consisting of K ,  single- 
knot hinge functions as follows 

So, the dynamics of the ith output are described by at most 
N, = 2,' local linear models where the validity of each of the 
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models is defined according to Eq. 5 with an appropriately 
defined state vector X,. At time k ,  for a given set of state/re- 
gressor vectors {X!, , ,  i = 1, ..., n} denote the set of n local 
linear models valid for each of the outputs as 9, = { 6 , , , ,  62,k ,  

A simple MPC formulation for the above hinge function 
model is the linear-time-inuariant formulation with model 
switching, if needed, carried out at every sampling instant. 

...> 6 n , h ) .  

For this, the controller problem can be formulated 
following minimization problem 

M - 1  

as the 

subject to 

where y,, ( 9,) is the predicted output vector at time k + k' 
based on measurements until time k and the model set 9, 
consisting the current valid model for each of the outputs 
based on { X , , k ,  i = 1, . . . , n ) .  The prediction horizon P and 
control horizon ill I P along with the output weighting ma- 
trix A,. and the input weighting matrix A, are the user speci- 
fied tuning parameters. The objective is minimized with re- 
spect to M future input moves Auk,  .. ., A u k + M -  As usual, 
only AK, is actually implemented on the plant. 

Note that because of the intrinsic structure of Eq. 6 and 
the switching criterion (Eq. 51, the optimization in Eq. 7 is a 
quadratic programming problem. The control problem is 
solved in a receding horizon fashion, and only the first input 
move resulting from the solution of Eq. 7 is implemented. 
Once we have the new measurement, the model conditions 
(Eq. 5) are again evaluated for each output to determine the 
new set of prediction models 9,. The model switching is based 
on the sequence of past inputs and/or outputs depending on 
whether we have a set of ARX or FIR models from the HH 
modeling, thus rendering the scheduling strategy its dynamic 
characteristic. 

The control strategy is conceptually similar to the nonlin- 
ear QDMC approach suggested by Garcia (1984) in which a 
local linearization of nonlinear model equations around a 
present state is performed to determine local linear model 
parameters. A slight variation that would bring our approach 
even closer to the nonlinear QDMC approach is to use the 
HH model to predict the "free" response of the output (that 
is, the response when the input is held constant at the pres- 
ent value), which corresponds to the integration of nonlinear 
differential equations in the QDMC approach. The effect of 
deviations from the current value can then be evaluated us- 
ing the current local linear model. 
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L TV formulation: successive linearization based MPC 
A linear time-varying (LTV) MPC algorithm can also be 

formulated with the model sequence over the prediction hori- 
zon successively updated at every time-step based on the pre- 
viously computed input trajectory (Lee and Ricker, 1994) 

subject to 

where gk+!  is the linear model set used for the output pre- 
diction at time k + k' which is evaluated based on the state 
sequence resulting from a previously computed input se- 
quence. This again results in a readily implementable 
quadratic programming problem. Note that iterations within 
a time step are also possible, but at an increased computa- 
tional cost (Lee and Ricker, 1994). 

HH model-based control: global nonlinear formulation 
As discussed, the hinge model structure is a global nonlin- 

ear structure. A rigorous formulation utilizing the global non- 
linear (piecewise linear) model can be formulated by incorpo- 
rating the model dependence on X explicitly into prediction 
as constraints. The model switching scheme can be incorpo- 
rated into the closed-loop objective in a propositional logic 
form (Tyler and Morari, 1996). 

For notational simplicity, we will consider the single- 
input-single-output case in the following formulation. Exten- 
sions to a multi-input-multi-output case are straightforward. 
Noting that at any given time, the model parameter vector is 
evaluated according to the following switching criterion 

+ { o $  if x , ' ( ~ $ - B ~ ) > o  

0, if x ~ ( o $ - o , ) < o }  (9) 

For a K hinge function model, denote the set of possible 
parameter vectors as 6 = {ii, i = 1, . . . , N )  where N = 2 K .  
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A general approach to  incorporate piecewise linear models 
into an optimization is to assign a binary integer variable to 
each linear model and add additional constraints that would 
force the integer variable for the valid model (determined by 
other conditions) to be one and all others to be zero (Be- 
mporad and Morari, 1998). Define the region X, as the re- 
gion in the regressor space defined by X ,  in which a particu- 
lar parameter vector 0, is valid. Note that {X,; i = 1, . . . , N )  
are disjoint sets. Now define { I f ;  i = 1, . . . , N } ,  a set of binary 
uariables, as follows 

1;  if X E  X, 
0; otherwise 

Since, at any &en time, only one parameter vector is valid, 
the variables I ,  must satisfy the following relation 

Also, note that each region X i  can be described as a set of 
linear constraints 

Consider the following constraint 

where C is a vector containing suitably large positive con- 
stants. By satisfying this constraint along with Eq. 10, note 
that one can guarantee that I ,  = 1 if and only if X E X l  (Tyler 
and Morari, 1996). 

However, with this approach, one would get 2 X P inte- 
ger decision variables where P is the size of prediction hori- 
zon. With a large K ,  the optimization can quickly become 
intractable. In the particular case of HH models, we can take 
advantage of the way the model equations are written and 
reduce it down to K X P. Consider the following constraints 
instead 

xT(  e,+ - 0; ) - c( 1 - I,) 5 0 (13) 

- X T ( O , + - O , - ) - C l , < O ,  j = 1 ,  ..., K (14) 

It is easy to verify that, with the above constraints, 

The model parameter vector can then be written as 

With the variables as defined above, we can now formulate 
the mixed integer programming problem with the model 

switching inside the horizon as follows 

P 

subject to 

Ymax Y h  + P I k Ymin 

I 1 k + P  Urnin 

Au,,, > l ~ , + y - ~ k ~ e - . l l  

8 ~ 0 ,  ..., k + M - 1  

k + P u!, + ,M - I = + .+I = ' ' . = 

xh', p ( 0; - 0,- ) - C( 1 - Ik + 1., ) I 0 

- xk'+ p ( 0; - 0,- ) - CZk + y ., < 0,  

j = 1 ,  ._., K :  C = 1 ,  ..., P (19) 

where the output prediction inside the horizon is evaluated 
as follows 

where d k + P , k  is the disturbance estimate at time k + f based 
on the measurements until k (depending on the nature of the 
model used, one may or may not need a separate disturbance 
term). These formulations clearly show the underlying prob- 
lem that needs to be solved: It is a mixed integer program- 
ming problem which is nonconvex. With a slight reformula- 
tion, the above can be cast as a mixed integer quadratic pro- 
gram (MIQP). Some approaches to solving MIQPs have been 
recently discussed in Tyler and Morari (1996). 

Issues in HH Model-Based Control 
Some important theoretical as well as practical issues in 

designing scheduled MPC for nonlinear systems based on the 
hinge function models need to be addressed. Here we briefly 
describe a few of the important issues and discuss some of 
the approaches to address these issues. 

Feasibility and stability in HH model-based control 
When output constraints are included in the optimization 

problem, infeasibilities may occur. For on-line implementa- 
tion, a systematic way to deal with such scenarios is needed. 
One simple solution would be to incorporate slack variables 
to soften the output constraints as is done in traditional MPC 
implementations. Softening the constraints ensures that the 
algorithm will keep running. However, one would like the al- 
gorithm to keep finding feasible solutions without softening if 
a feasible input trajectory indeed exists. In frozen-time LTI 
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formulation of Eq. 7 and the LTV formulation of Eq. 8, this 
is not guaranteed because the model assumed for the predic- 
tion may not be valid for the entire prediction horizon. The 
nonlinear algorithm (Eq. 18), on the other hand, can avoid 
these infeasibilities, in principle. However, this requires a 
suficiently large horizon and a global solution to the nonlin- 
ear optimization problem. 

Globally, a hinge function model is a nonlinear model and 
all the stability results that are developed for the general 
nonlinear MPC problem apply to the nonlinear MPC formu- 
lation (Eq. 18). However, it also suffers from the same basic 
problems of all the other nonlinear MPC algorithms: the 
nonconvexity of the optimization problem because of which a 
global optimum cannot be guaranteed using a gradient-based 
optimization method. In fact, even the feasibility of the opti- 
mization can easily be lost because of this (Mayne, 1995). 
Moreover, infinite horizon cost cannot be evaluated easily in 
general. Because of these limitations, the standard ap- 
proaches based on infinite horizon (Rawlings and Muske, 
1993), end constraint (Keerthi and Gilbert, 1988; Mayne and 
Michalska, 1990) and contraction constraint (Yang and Polak, 
1993; De Oliveira and Morari, 1997) are not practically suit- 
able methods for guaranteeing closed-loop stability in the 
above HH model-based control. 

For the general nonlinear MPC problem, the closed-loop 
stability and feasibility are still largely open theoretical issues 
(Morari and Lee, 1997). However, there are a few promising 
approaches such as hybrid/variable horizon MPC (Michalska 
and Mayne, 1993) and quasi-infinite horizon MPC (Chen and 
Allgower, 1996). These approaches are applicable to the 
above hinge function model-based strategy. In fact, the par- 
ticular form of the hinge function model offers substantial 
advantages in terms of implementing the above strategies. 

Design of a globally stabilizing hinge model-based con- 
troller can be approached from a robust control standpoint 
as well. The model form is similar to the polytopic model 
forms considered in robust MPC formulations (Kothare et 
al., 1995). With the hinge model, the calculation of a state 
feedback minimizing the worst case quadratic cost can be for- 
mulated as linear matrix inequalities (LMIs) and a convex 
programming problem, similar to the one presented for poly- 
topic model forms in Kothare et al. (1995). This approach, 
though readily applicable in the present context, can poten- 
tially result in conservative solutions, especially for highly 
nonlinear systems. This is because unlike the uncertain LTV 
case, the model parameters in a hinge model-based strategy 
do not vary arbitrarily with time (that is, they are functions of 
states). 

Effects of disturbances 
HH models, just as any empirical model, can be sensitive 

to disturbances, particularly those that were not reflected in 
the identification data. This issue is more closely tied to the 
choice of intrinsic model structure rather than that of basis 
functions. In this sense, HH models should not be any more 
or less sensitive to disturbances than models fitted with other 
basis functions. At issue is how well the disturbance effects 
are described by the stochastic part of the model so that 
model predictions remain accurate even when the disturb- 
ances do occur. What makes this a particularly difficult and 
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relevant issue for nonlinear systems is that, for nonlinear sys- 
tems, the effect of inputs and disturbances cannot be sepa- 
rated in general. Henceforth, any nonlinear modeling method 
that does not consider the unmeasured disturbance effects in 
a rigorous explicit manner can lead to problems. The NARX 
structure we considered in this article does include some un- 
measured disturbance effects that are coupled with the input 
effects (through the autoregressive terms). A NARMAX 
structure that includes past residuals in the regressor vector 
would be even more general, but leads to some additional 
difficulties in model fitting. The issue of unmeasured distur- 
bances, although very important, is general to nonlinear em- 
pirical modeling and is beyond the scope of this article. 

Effects of noise 
In Breiman's approach the hinge location (the input space 

where A X  = 0) is considered to be part of either one of the 
hyperplanes. Note that this is essential for the continuity of 
the hinge function model. However, in practice, because of 
noise effects, the switching scheme may fluctuate between 
models when the process is close to one of the hinge loca- 
tions. In order to avoid this one can include a dead zone type 
modification to the model structure as follows 

e; if x T ( e : - e ; ) I - E  

if - E < xT( e: - 0;) < E }  

Here 6i,k is the parameter vector corresponding to the ac- 
tive segment of the hinge function i at time k .  

Numerical Examples 
Now let us consider numerical examples to demonstrate 

the approximation properties of the Hinge Function models 
and their application in scheduled MPC of nonlinear proc- 
esses. We will consider two isothermal CSTR processes and a 
batch fermenter for this purpose. 

Example I :  isothermal CSTR 
Consider the isothermal CSTR process described by the 

following dynamic equation, originally from Bruns and Bailey 
(1975) and later adapted by Gattu and Zafiriou (1992) and 
Koulouris (1995) 
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dY 1 - = u - - y - - p  
k ,  Y 
Y k2 

1 + - + -  
dt 

Here y is the reactant concentration, and u is the feed reac- 
tant concentration. k ,  and k ,  are the kinetic parameters and 
j3 is a constant. The single enzyme-catalyzed reactions with 
substrate inhibited kinetics and ethylene hydrogenation in an 
isothermal CSTR can be described by the above model. With 
k ,  = 0.01, k ,  = 0.1, and /3 = 2, the process exhibits multiple 
steady states for a range of input values, of which two are 
stable and one is unstable. 

Note that Eq. 21 is a first-order ODE and for a given ini- 
tial condition at time k - 1 on the output (y,- , I  and with a 
constant input i l k -  I over a time interval [ k  - 1: k ] ,  the solu- 
tion for y ,  can be obtained by integrating Eq. 21. In other 
words, the above system can be embedded in a two-dimen- 
sional delay coordinate space (phasc-space) consisting 
{ y k -  ,, u k -  ,I.  The system surface in the phase-space coordi- 
nates is shown in Figure 3. As can be seen, the system con- 
sists of a flat region corresponding to the low intensity equi- 
librium points and a sharp transition to the regions of high 
activity and exhibits significant nonlinear behavior. 

Model identification 
An input-output experiment was performed and the distri- 

bution of the 1/0 data in phase-space is shown in Figure 4. 
In order to elicit both low as well as high frequcncy behavior 
of the process, a probability based switching scheme was uti- 
lized to design the input signal. The input sequence genera- 
tion is performed as follows 

{$,,i= 1 ... }, a random sequence, we generated where 
$, are i.i.d. with a uniform distribution between [0,2]. 

u ( l ) =  $(1). 
Choose u(i)  = $(i) with probability 1 - p ,  and u(i) = u( i  

- 1) with probability y,. 
p,< is the switching probability and determines the nature of 

the generated signal. For large values ( p ,  = l), the signals are 

yW-1 I "(k-1) 

Figure 3. System surface in delay coordinates yk -, and 
uk -, : CSTR 1. 
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2 

y(k-1) u(k-1)  

Figure 4. Distribution of I / O  data for CSTR 1. 

of low frequency in nature and, conversely. for small values 
( p ,  close to zero) we obtain signals of high frequency. A total 
of 1,000 data points were collected using the above probabil- 
ity switching scheme. The first 400 points were generated with 
p ,  = 0.9, the next 400 points with p ,  = 0.5 and the next 200 
points with p ,  = 0.1. 

In the next stage, a hinge function model consisting of four 
single-knot hinge functions was used to approximate the sys- 
tem. The model parameters estimated from the 1/0 data are 
as follows 

y ,  =max{ -0.0001+0.0066uL- , -0.0050y,- ,. -0.4406 

+ 0 . 6 9 4 7 ~ ~  - I + 0 . 5 8 9 9 ~ ~  I )  + max { 0.1249 - 0 . 1 2 9 3 ~ ~  , 
- 0 . 1 6 5 7 ~ ~ -  I ,  0.0150-0.0246~~,- I +0.3193~,- I }  

+ min (0.1099 - 0 . 0 0 4 8 ~ ~ -  , - 0 . 4 8 5 0 ~ ~  ,, - 0.1064 

+0.0038u,-, +0.3045yL. ,}  +min{0, -0.0052 

+O.0024uA ~, +0.1YY8yL~,} 

Figure 5 demonstrates the single-knot hinge function ap- 
proximations of the system and the corresponding error sur- 
face. 

A global linear model was also identified using the same 
data set and thc linear model paramcters are obtained to be 
as follows 

yx = -0.2670+0.5508~~~ ~ , +0.5557yL- I ( 2 2 )  

Figure 6 gives a comparison of the predictive performances 
of the linear model and the HH model. As can be seen, the 
HH model gives better predictions compared to  the linear 
model especially close to the origin in the input space. This 
should be expected since the HH model is sensitive to the 
transition from high to low activity and, accordingly, the local 
linear model valid to that region is used in the prediction. 
Note that close to the unstable steady state (region of large 
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Error Sunace 

Y(k-1) W-1) 

Figure 5. HH modeling of CSTR 1. 

curvature), the model error is relatively high. This can be at- 
tributed to the lack of dynamic information around the un- 
stable steady state, in the data obtained from the identifica- 
tion experiment. 

Scheduled MPC of isothermal CSTR 1 
Now let us consider a transition problem from the unstable 

region of the CSTR to the stable low activity region in exam- 
ple 1. We will consider an HH model with one hinge func- 
tion, the first basis function in the model we obtained above. 

y r  = max( -0 .0001+0.0066~,~ ,  -0.0050yk_,, -0.4406 

+0.6947uk-, +0.5899yk- ,} 

Two MPC controllers are considered each with identical 
tuning parameters (shown in Table 1)  differing only in the 
model used in the closed-loop predictions; the global linear 
model and the hinge function model. 

The performance of the two controllers is shown in Figure 
7 for a step change in the set point from 0.3 to 0.001. As can 

- 
3 IL A f I .  

0 5  n 

_ _  
0 50 100 150 

Linear Model 

- 3 0 5  
0 

-05‘ I I I 

Figure 6. Model predictions: HH vs. linear model for 

50 100 150 
time 

CSTR 1 .  

be seen, the closed-loop performance of the scheduled MPC 
is superior to the MPC based on the linear model. This is 
due to the inability of the global linear model to give good 
predictions in the low activity region. The hinge function 
model, on the other hand, is sensitive to  the transition from 
the high to low activity regions and, accordingly, uses the lo- 
cal linear model corresponding to  that region. The integral 
sum of the derivations from the set point for both controllers 
are given in Table 2. 

Example 2: isothermal CSTR 2 
Let us consider another isothermal CSTR process of dif- 

ferent dynamics (Kwatra and Doyle 111, 1995). The first-order 
reaction A + B is carried out in the CSTR and the reactor 
dynamics are described as 

(23) 

In state-space form the above system can be represented as 

x =  - k X + ( C , , , - x ) u  (24) 

y = x  ( 2 5 )  

Table 1. Controller Settings for CSTR 1 

Controller Parameters 

P 
m 

4 
2 

100 
0.1 
2 
0 
2 
0 
0.5 
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Figure 7. Linear MPC (---) vs. HH model-based con- 
trol (-). 

Here C, is the concentration of A,  CA, the inlet concentra- 
tion of A,  k the kinetic rate constant, q the inlet flow rate, 
and I/ the reactor volume. The process parameters were cho- 
sen to be k = - 0.028 and C,,, = 1. 

Model identification 
An input-output experiment, with input excitations gener- 

ated similar to example 1 ,  was performed and the resulting 
input-output data is shown in Figure 8. A hinge function 
model consisting of three single-knot hinge functions with the 
following structure was constructed 

The model parameters are given in Table 3. The system and 
model surfaces along with the error surface are shown in Fig- 
ure 9. Again, as is illustrated in the phase-space, the con- 
structed Hinge model results in excellent approximation of 

Table 2. Controller Performance: CSTR 1 

MPC Controller Integral Square Error - .  
With global linear model 3 .5098~  
With hinge function model 4.6408 x lo-' 

M-1) u(k-1) 

Figure 8. Input-output data for CSTR 2. 

Table 3. Model Parameters: CSTR 2 

Parameters Values 
[0.0195 0.3024 0.93471 
[0.4523 0.2282 0.48081 

[0.5096 0.0808 0.40871 
[0.1110 0.0040 -0.12051 

[ - 0.4003 0.3806 0.51421 
L0.0024 0.0782 -0.01041 

HH Model Surface 

Error Sufiace 

Figure 9. HH approximation to CSTR 2. 
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Table 4. Operating Conditions for Local Linear 
Models: CSTR 2 

Model No. Steady-State Input Steady-State Output 
1 0.0051 0.1541 
2 0.0101 0.2651 
3 0.0201 0.4179 
4 0.0300 0.5172 
5 1.9900 0.9861 

the underlying nonlinear system surface. However, by visual 
inspection we note that the hinge location does not seem to 
be optimally located. This can be attributed to the fact that 
the data set contains very few observations corresponding to 
large input values and small output values. Despite this, how- 
ever, note that the resulting model captures the qualitatiue 
behavior in this region. 

Dynamically scheduled MPC of isothermal CSTR 2 
Now the HH model is implemented in scheduled MPC 

framework and we will compare the performance of the dy- 
namically scheduled MPC based on Hinge models with static 
scheduling of MPC on a set of static local linear models. The 
set of static linear models is obtained by linearizing the sys- 
tem equations at 5 different operating points. The steady-state 
operating points around which the linearization is performed 
are given in Table 4. Five model predictive controllers are 
considered based on these five local linear models with iden- 
tical controller parameters except the input weighting which 
is tuned for improving the robustness of the local controller. 
The controller parameters are given in Table 6. The static 
scheduling is based on the instantaneous value of the output 
and the switching criterion is given in Table 5. 

Figure 10 compares the performance of the dynamically 
scheduled and sratic scheduled model-predictive controllers 
for various set point variations. As is evident, the dynamically 
scheduled MPC based on the HH model outperformed the 
static scheduled controller over the entire operating range. 
Specifically for the set point variation from 0.95 to 0.65, the 
region where the system exhibits significant nonlinearity 
(curvature), the static scheduling does not give acceptable 
performance. For the output value around 0.95, the ualid lin- 
ear model according to the static scheduling scheme em- 
ployed (model 5) has very small gain. However, the process 
has a relatively large gain around the output value of 0.65. 
When the MPC controller computes the input change re- 
quired for the set point variation from 0.95 to 0.65 with the 
prediction model as model 5,  because of the lower gain in the 
prediction model used, the input change computed is very 
large and input is driven almost to zero (Figure 10). How- 

Table 5. Output Bounds for Static Scheduling of Local 
Linear Models: CSTR 2 

Model No. output 
1 
2 
3 
4 
5 

0.00 < y, I 0.20 
0.20 < y, 5 0.40 
0.40 < y, I 0.50 
0.50 < y, I 0.75 
0.75 < yk I 1.00 

Table 6. Controller Settings for Static and Dynamic 
Scheduled Controllers: CSTR 2 

Parameters Static Scheduling Dynamic Scheduling 
6 6 
4 4 
1 1 

2 2 
0 0 
2 " 3 

0 0 
0.5 0.5 

[0.2,0.2, 3, 3, 31 [0.2, 0.2, 0.2,0.2, 0.21 

ever, as the system shifts close to an output value of 0.65, 
according to the static scheduling, the prediction model is 
switched to model 4. Since model 4 has a large steady-state 
gain, in the next control computation the model predicts the 
overcompensation and increases the input from the previous 
value computed according to model 5. This again drives the 
system back into the range of model 5 and the closed-loop 
system starts oscillating. 

Though the above closed-loop response can be made more 
acceptable by employing techniques such as dead-zone for 
switching, and so on, the inherent limitation of static schedul- 
ing based on a set of static linear models is evident from the 
above example. If the process has significant variations in lo- 
cal curvature, in absence of prior knowledge which would help 
in appropriate locations for linear model estimation and 
scheduling, static scheduling can potentially result in poor 
performance. On the other hand, the HH model, a global 
structure, captures these variations in process response sur- 
face and facilitates dynamically scheduled MPC. 

Effects of disturbances and noises 
We have also performed a number of simulations with ran- 

dom noises added at the output (uniformly distributed be- 
tween 0-0.01 and 0-0.05) and in the inlet concentration 

Scheduled MPC 

0 6  , I , , , 

time 

Figure 10. Dynamic (-) vs. static (---) scheduled 
MPC of isothermal CSTR 2. 
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(0-0.05). The hinge locations were observed to be different 
for each of the models and, depending on the noise level, the 
predictive capability of the model was also observed to vary. 
This should be expected of any data-driven modeling ap- 
proach. However, the qualitative nature of the models was 
consistent and did not change with the noise level of the 
identification data. The closed-loop simulations showed satis- 
factory performances for all the models. 

Example 3: batch fermenter 
This is a biochemical system and describes the fermenta- 

tion of glucose to gluconic acid in a batch STR. The process 
is described by the following dynamic equations 

x1x4 
x2 = UL ~ -0.9082K,x2 

KL + X 1  

X3 = Kpx2 

1 xIx4x5 x 4 = - - p r n  
Ksx5 + Knx, + ~ 4 x 5  

x l x 4 x S  
- 1.011 

Ksx5 + Kox, + x4x5 

'IX4 
XS=k,a(xT - ~ , ) - 0 . 0 9 ~ ,  ~ 

KL. + x4 

1 x I x 4 x S  -- 
Yn pm KrxS + Kox4 + x , x s  

Here x i  is the cell concentration, x2 is glucanolactone con- 
centration, x3 is the gluconic acid concentration, x4 is glu- 
cose concentration, and xs is dissolved oxygen concentration. 
The parameters p, K,, u, and K p  are observed to depend 
on the temperature and pH. The set points to temperature 
and pH control loops are the manipulated variables u = 

[Temp pH]=[u, u 2 ] .  For details of the model parameters 
and operating conditions, refer to Ghose and Ghosh (1976) 
and Johansen (1994). 

For identification purposes, we assume that all the states 
are measured. The following one-step-ahead prediction forms 
are considered 

A total of fifty batch runs were simulated with different 
startup values of glucose and cell concentrations. The tem- 
perature and the pH were varied in a random fashion across 
the batch run. 

Next, we estimated the Hinging Hyperplane models for 
each of the state evolutions utilizing the identification data. 
The obtained Hinge models are of the following form 

where 

On-line optimization of batch fermenter using HH models 
Here we consider the application of the HH model in 

scheduled MPC of the fermenter for maximizing the gluconic 
acid production over a fixed batch time of "j = 5 h. The fol- 
lowing optimization is solved after every 0.5 h interval. At 
time k ,  we solve 

subject to the constraints on the inputs: temperature and pH 

[ 5?:] [ ~~] [ 3:4] 
For comparative purposes, a linear model is also consid- 

ered. The resulting batch profiles are compared in Figure 11. 
The average gluconic acid production rate over the batch pe- 

On-line Optimization 01 Balch Fermentor 
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Table 7. Model Performance for Batch Fermenter 

Avg. Prod. Rate 
Model of Gluconic Acid 
HH 5.65 g/lh 
Linear 5.36 g/lh 

riod is given in Table 7. As can be seen, the HH model cap- 
tures the underlying nonlinearity and the improved perform- 
ance is evident in the enhanced efficiency of the batch opera- 
tion compared to the linear model-based on-line optimiza- 
tion. 

Conclusions 
I n  this article we considered dynamically scheduled 

model-predictive control as a practically implementable con- 
trol strategy for nonlinear processes. Within the scheduled 
MPC framework, the problem of empirical identification of 
local linear models is addressed. We established the rele- 
vance and attractiveness of a new modeling paradigm Hing- 
ing Hyperplane methodology for this purpose. The hinge 
model structure is a global structure with local linear inter- 
pretations and is shown to facilitate practically imple- 
mentable control strategies within the MPC framework. We 
also presented a predictive control formulation that utilizes 
the hinge model as a global nonlinear model. Simulation ex- 
amples of chcmical processes are presented in order to 
demonstrate the proposed methodology. 
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